Abstract. In this paper we introduce the notion of semi-invariant submanifolds of a Lorentzian almost contact manifold. We study their principal characteristics and the particular cases in which the manifold is a Lorentzian Sasakian manifold or a Lorentzian Sasakian space form.
Introduction
The study of CR-submanifolds of an Hermitian manifold was initiated by A. Bejancu in [1] . They generalized both totally real and holomorphic immersions. Given an almost Hermitian manifold, ( M , J, g), a submanifold M is called CR-submanifold if there exists a differentiable distribution D on M such it is holomorphic, and its complementary orthogonal distribution D ⊥ is totally real (J(D x ) ⊆ D x and J(D ⊥ x ) ⊆ T x M ⊥ for all x ∈ M ). Since then, many authors have treated CR-submanifolds on different environments and have amplified the definition to other decompositions of the tangent bundle (semi-slant and almost semi invariant submanifolds). On complex geometry, M. M. Tripathi deals with generalized complex space forms in [13] .
Later, the subject was considered for Riemannian manifolds with an almost contact structure. In this sense A. Benjacu and N. Papaghiuc study semi-invariant submanifolds of a Sasakian manifold or a Sasakian space form ( [2] , [3] , [11] , [12] ) and C.-L. Bejan, A. Cabras and P. Matzeu study them on cosymplectic manifolds in [4] and [5] .
Recently, some authors have defined similar concepts on a semi-defined metric environment. So have done Kalpana and G. Guha defining semiinvariant submanifolds for a Lorentzian para Sasakian manifold, [9] , and H. Gill and K. K. Dube for a trans Lorentzian para Sasakian manifold, [8] . Also these authors have studied generalized CR-submanifolds of an trans hyperbolic Sasakian manifold.
Our purpose is defining semi-invariant submanifolds of a Lorentzian manifold endowed with an almost contact structure. This complete the study of semi-invariant submanifolds of a Lorentzian manifold. We only specify for a Sasakian manifold, but it could also be studied the case of a trans Sasakian manifold.
In Section 2, we review basic formulas and definitions for almost contact metric manifolds, which we shall use later. In Section 3, we define semi-invariant submanifolds of a Lorentzian almost contact manifold. We also present a way to build these submanifolds and present some examples. In Section 4, we study the integrability of all the distributions involved in the definition of a semi-invariant submanifold. We characterize semi-invariant submanifolds of a Lorentzian Sasakian space form in Section 5. Finally, Section 6 focus on totally umbilical and totally contact umbilical submanifolds.
Preliminaries
An odd dimensional Riemannian manifold, ( M 2n+1 , g), is called a Lorentzian almost contact manifold if it is endowed with a structure (φ, ξ, η, g), where φ is a (1, 1) tensor, ξ and η a vector field and a 1-form on M , respectively, and g is a Lorentz metric, satisfying
A normal contact Lorentzian manifold is called Lorentzian Sasakian, [10] , this is a contact Lorentzian one verifying
In such a case, we have
Finally, a Lorentzian Sasakian space form is a Lorentzian Sasakian manifold with constant φ-sectional curvature.
From now on, let us consider a submanifold M of a Lorentzian almost contact metric manifold ( M , φ, ξ, η, g), tangent to the structure vector field ξ. Put φX = T X + N X for any tangent vector field X, where T X (resp. NX) denotes the tangential (resp. normal) component of φX. Similarly, φV = tV + nV for any normal vector field V with tV tangent and nV normal to M .
Given a submanifold M of a Lorentzian almost contact manifold ( M , φ, ξ, η, g), we also use g for the induced metric on M .
We denote by ∇ the Levi-Civita connection on M and by ∇ the induced Levi-Civita connection on M . Thus, the Gauss and Weingarten formulas are respectively given by∇
for vector fields X, Y tangent to M and a vector field V normal to M , where h denotes the second fundamental form, ∇ ⊥ the normal connection and A V the shape operator in the direction of V . The second fundamental form and the shape operator are related by
The submanifold M is said to be totally geodesic if h vanishes identically.
Comparing tangential and normal components in (1), we obtain:
Lemma 2.1. For a submanifold of a Lorentzian almost contact manifold, the following equations hold:
We state the next two Lemmas whose proofs are straightforwardly deduced from (2), (4) and (5) and hence omitted. Lemma 2.2. Let M be a submanifold of a Lorentzian Sasakian manifold ( M , φ, ξ, η, g). Then,
for any tangent vector fields X, Y . Lemma 2.3. Let M be a submanifold of a Lorentzian Sasakian manifold ( M , φ, ξ, η, g). Then,
for any X ∈ T M and V ∈ T ⊥ M .
Similarly, comparing the tangential and the normal components of (3), (4) and (5), it follows the next lemma.
Lemma 2.4. Let M be a submanifold of a Lorentzian Sasakian manifold. Then,
We obtain the following result directly from Lemmas 2.2 and 2.3.
Lemma 2.5. Let M be a submanifold of a Lorentzian Sasakian manifold. Then,
Semi-invariant submanifolds, examples
In this section, we introduce the notion of semi-invariant submanifold of a Lorentzian almost contact manifold. This definition generalizes the notions of both invariant and anti-invariant submanifolds and it is the equivalent one to semi-invariant submanifolds on the Riemannian setting. We study the distributions involved and we characterize the anti-invariant case. Finally, Theorem 3.6 provides us with a way to construct different examples of semiinvariant submanifolds in a Lorentzian almost contact manifold.
Note that ξ is a timelike vector field and all vector fields in D ⊕ D ⊥ are spacelike.
A semi-invariant submanifold is also characterized by the decomposition of the normal bundle.
where D is the maximal anti-invariant space in
Proof. If M is a semi-invariant submanifold, the tangent space admits a
and therefore, D ⊥ is anti-invariant.
Secondly, let be W ∈ D, for all tangent vector field X, we have N X ∈ D ⊥ and then,
Therefore φW ∈ D, and D is invariant.
Proceeding as before, we can conclude that D is invariant, D ⊥ is anti-invariant, and therefore M is a semi-invariant submanifold.
A semi-invariant submanifold is known to be invariant, anti-invariant and
We can prove the next two propositions about the distributions involved in the definition.
Proposition 3.2. For a semi-invariant submanifold of a Lorentzian almost contact manifold, the following equalities hold:
Proof. i) and ii) are directly deduced from the definition of semi-invariant submanifold.
For
For the other inclusion, by virtue of (7), T 2 X = −X, and then
Conversely, let us put U ∈ Ker(n). From (9) and (10) it follows that T tU = −tnU = 0 and U = −n 2 U − N tU = −N tU. From the first equality, tU ∈ D ⊥ and then the second one implies U ∈ N D ⊥ .
Lastly, from iv), as Ker(n) = D ⊥ , we deduce Ker(t) ⊆ D. For the other inclusion, notice that for every V normal to M , tV ∈ D ⊥ . Then tnV = T tV = 0 and φtV = N tV = −V − n 2 V , so n 2 V = −V and therefore tV = 0.
Proof. For any X ∈ D, φX ∈ D so φX = T X, and therefore Proof. If M is anti-invariant, T = 0 and ∇T = 0. Conversely, given X x ∈ T x M , by (21) (∇ X T )ξ = −T 2 X = 0, and since g(T X, T X) = −g(T 2 X, X) = 0, it follows that T X = 0.
The next theorem helps us to construct a number of examples of semiinvariant submanifolds. They are a Lorentzian version of the ones offered in [6] . First we need the following lemma whose prove is straightforward computation.
Lemma 3.5. Let ( N 2n , G, J) be an almost Hermitian manifold. Then ( N 2n × R, φ, ξ, η, g) is a Lorentzian almost contact manifold with
Proof. Since M is a CR-submanifold, the tangent space admits a decom-
Moreover, we can provide some other direct examples, they are based on semi-slant submanifolds of a Riemannian Sasakian manifold given on [6] . To do so, we consider on R 2m+1 the following Lorentzian Sasakian structure (φ 0 , ξ, η, g), given by
where {x i , y i , z}, i = 1, . . . , m are the cartesian coordinates. First, we present an example with odd dimD ⊥ :
Example 3.7. The equation x(u, v, w, s, t) = 2(u, 0, w, 0, v, 0, 0, s, t), defines a semi-invariant submanifold in R 9 with its Lorentzian Sasakian structure, (φ 0 , ξ, η, g). To prove this fact, we take the orthogonal basis
and define the distributions D = e 1 , e 2 , and D ⊥ = e 3 , e 4 . It is clear that
We can also provide an example with even dimensional D ⊥ :
Example 3.8. The equation x(u, v, s, t) = 2(u, v, s, 0, t), defines a semi-invariant submanifold in R 5 with its Lorentzian Sasakian structure (φ 0 , ξ, η, g).
Integrability conditions
In this section, we study the integrability of all the distributions involved in the definition of semi-invariant submanifolds. We also deal with the local structure of a semi-invariant submanifold of a Lorentzian Sasakian manifold. Proof. Given X ∈ K, by virtue of the above proposition ∇ ξ X ∈ K. Moreover,
Proof. For any
Then, if one of this distributions K is integrable, K⊕ < ξ > will also be. Now, for a Lorentzian contact metric manifold we have the following results. Again, from this lemma, for a contact metric manifold we deduce:
Theorem 4.7. Let M be a semi-invariant submanifold of a contact Lorentzian manifold. Then, D ⊥ ⊕ ξ is always integrable.
On the other hand, we have Proof. Given K ∈ {D, D ⊕ D ⊥ }, and X ∈ K such that T X = 0, X can be written as X + X ⊥ with X ∈ D and X ⊥ ∈ D ⊥ . Then,
because T X is an spacelike vector field, so [X, T X] is not normal to ξ, which implies that [X, T X] / ∈ K, thus K is not integrable.
Finally, we characterize the integrability of D ⊕ ξ . Using (12) ,
from which the proof follows. Proof. We shall prove that both D⊕ < ξ > and D ⊥ are involutive and their leaves are totally geodesic immersed in M , so M is locally the product of these leaves.
For Y ∈ D ⊕ ξ , Z ∈ D ⊥ , by virtue of (2) and (4),
Then D ⊕ ξ is involutive and its leaf is totally geodesic immersed in M .
Similarly, from (27), if
In this case, we obtain that D ⊕ ξ is also involutive and its leaf is totally geodesic immersed in M .
Semi-invariant submanifolds of Lorentzian Sasakian space forms
The following theorems are the Lorentzian Sasakian space forms equivalent to the ones in [13] for generalized complex space forms and [12] for Sasakian space foms. For different values of the φ-sectional curvature, we characterize proper semi-invariant submanifolds of a contact Lorentzian manifold with constant φ-sectional curvature via the Riemann curvature over certain distributions.
In [10] , T. Ikawa, gives the value of the Riemann curvature tensor of a Lorentzian Sasakian manifold with constant φ-sectional curvature k:
Theorem 5.1. Let M be a submanifold tangent to ξ of a Lorentzian Sasakian space form M (k) with k = −1. Then, M is a vertical proper semi-invariant submanifold if and only if the maximal invariant subspaces
where
So, as k = −1 and X is space-like, g(φZ, W ) = 0 and φD ⊥ is orthogonal to D ⊥ . Since D is an invariant distribution, g(X, φZ) = −g(φX, Z) = 0, so φD ⊥ is orthogonal to D and also to ξ. Then, φD ⊥ ⊆ T M ⊥ , that is D ⊥ is anti-invariant and therefore M is a semi-invariant submanifold. Proof. Given V ∈ D, Z ∈ D ⊥ , and X, Y ∈ D, it is just a simple computation to check that R(X, φY, V, Z) = 0.
Reciprocally, let X, Y, V be as above,
So, as k = 0, g(φX, V ) = 0 for all X ∈ D and N ∈ D, that is φD is orthogonal to D. Since D ⊥ is anti-invariant, g(φX, Z) = −g(X, φZ) = 0, X ∈ D, Z ∈ D ⊥ , so φD is orthogonal to D ⊥ . And by hypothesis, D is orthogonal to ξ. Therefore, we deduce that φD ⊂ T M , and then φD = D. That is, D is invariant and M is a semi-invariant submanifold.
Also studying the relation between R and the distributions on the normal bundle we get some results. 
Proof. Given N, U ∈ D and V, W ∈ D ⊥ , let us suppose that M is a semiinvariant submanifold. Then
define a non-trivial subbundle satisfying the condition over R, and let N ∈ D, and V, W ∈ D ⊥ be. Then,
Since D is not empty, there exits N a spacelike vector field with g(N, N ) = 0, and, as k = −1, from the equation above we deduce that φD ⊥ is orthogonal to D ⊥ . We always have φD ⊥ orthogonal to D, because g(φV, N ) = 
Totally umbilical and totally geodesic submanifolds
In this last section, we ask ourselves about totally geodesic, totally contact geodesic, totally umbilical and totally contact umbilical submanifolds of a Lorentzian almost contact manifold.
Lemma 6.1. Let M be a submanifold of a Lorentzian Sasakian manifold, and let K be a distribution on M with ξ ∈ K. Then, if M is K-umbilical, it is also K-totally geodesic.
and it follows that M is K-totally geodesic.
This implies the following: Theorem 6.2. A totally umbilical submanifold of a Lorentzian Sasakian manifold, tangent to ξ, is totally geodesic.
And for a totally geodesic submanifold we have: Proof. Let M be a totally geodesic submanifold, then h(X, ξ) = 0 for all X tangent to T M . But by (16), N X = h(X, ξ) = 0 for all X and therefore M is invariant.
From these two theorems we deduce:
Corollary 6.4. Every totally umbilical submanifold of a Lorentzian Sasakian manifold, tangent to ξ, is invariant.
So proper semi-invariant submanifolds which are totally geodesic or totally umbilical do not exist.
For a contact Riemannian manifold it is usual to study totally contact umbilical and totally contact geodesic submanifolds, [1] , [14] . We now study the equivalent cases for a contact Lorentzian manifold. A submanifold M m of an almost contact Lorentzian manifold is called totally contact umbilical if there exits a normal vector field K such that the second fundamental form of M is given by
and it is called totally contact geodesic if K = 0, that is, the second fundamental form is given by
As h(ξ, ξ) = N ξ = 0 we see that K = Moreover, as πX ∈ D and π ⊥ X ∈ D ⊥ , N πX = 0 and T π ⊥ X = 0. This last equation, using the first one of (31), implies (32)
T π = T.
Then applying π in (9), 0 = N T π + nN π = N T π = N T , where we have used (32).
Moreover, by (8) and (9), from this Lemma it is deduced that, for such a submanifold, nN = 0 and tn = 0.
Theorem 6.7. Let M be a proper semi-invariant submanifold of a Lorentzian Sasakian manifold, tangent to ξ and with dim(D ⊥ ) ≥ 2. If M is totally contact umbilical, then it is totally contact geodesic.
Proof. In order to prove that K = 0, first we prove that tK = 0. From Theorem 4.7, D ⊥ ⊕ ξ is always integrable. Then, from (11) it can be deduced that But, from the above Lemma, T t = 0 so tK ∈ D ⊥ and therefore using (6) and (29), g(h(X, X), φtK) = g(A N T K X, X) = g(A N X tK, X) = g(h(tK, X), N X) = g(tK, X)g(K, N X).
From both equations, it follows (34) g(X, X)g(tK, tK) = g(tK, X) 2 .
As dim(D ⊥ ) ≥ 2, we can choose X ∈ D ⊥ with g(tK, X) = 0, and then from (34), as tK is spacelike, it is tK = 0. On the other hand using (13), Proof. Let M be a totally contact geodesic submanifold, by (29) and (16), N X = h(X, ξ) = (η(X) + 1)h(ξ, ξ). But again, by (16), h(ξ, ξ) = N ξ = 0 for all X tangent to T M . Therefore N X = 0 for all X, and M is invariant.
